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A simple and efficient algorithm for robust flutter analysis is presented. First, a general linear fractional
transformation formulation of the u—k method is provided, making it straightforward to pose the uncertain flutter
equation in a form suitable for structured singular value analysis. The new formulation establishes a close connection
between u—k flutter analysis and traditional frequency-domain flutter analysis, which is used to formulate an
efficient algorithm for computation of robust flutter boundaries. The proposed method is successfully applied to an
F-16 sample test case with uncertain external stores aerodynamics, showing that standard tools for structural
dynamics and unsteady aerodynamics can be used to perform robust flutter analysis with only modest additional

modeling.

Introduction

OBUST flutter analysis deals with aeroelastic (or aeroservoe-

lastic) stability analysis taking model uncertainty into account.
The overall aim of this research is to obtain a more reliable prediction
of aeroelastic instabilities, both in analysis and flight testing, as these
can be very sensitive even to small variations in parameters, loads,
and boundary conditions. An overview of the numerous sources of
uncertainty in aeroelasticity is provided in a recent review paper by
Petit [1], where it is concluded that aerodynamic model uncertainty is
often a greater concern than uncertainty in the structural model. Petit
also identifies two conceptually different approaches to robust flutter
analysis; probabilistic analysis resulting in a probability distribution
of the flutter boundary, and deterministic analysis resulting in an
estimated worst-case flutter boundary.

This work is a contribution to the latter approach mentioned
above, where a norm-bounded deterministic uncertainty is con-
sidered. A promising path in this area of research was initiated by
Lind and Brenner [2,3] who demonstrated the use of so-called -
analysis from the control community to perform robust flutter
analysis. In a successive effort, Borglund [4] combined classical
frequency-domain aeroelasticity with p-analysis to formulate the
1—k method, being closely related to the p—k and g-methods [S5,6].
Means to model aerodynamic uncertainty and to compute an upper
bound on the flutter speed have also been provided [4,7].

In this paper, a more general linear fractional transformation (LFT)
formulation of the pu—k method is introduced, and a simple pu—k
algorithm that exploits the results from a standard p—k or g-method
flutter analysis is outlined. The problem of developing a minimum-
size aerodynamic uncertainty description is also treated in more
detail than in previous work [4]. Finally, the proposed procedure is
applied to an F-16 sample test case, showing how standard analysis
tools such as NASTRAN [8] and ZAERO [9] can be used to develop
uncertainty descriptions and perform robust flutter analysis.
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i~k Method

In the Laplace-domain, the aeroelastic equations of motion of an
airframe can be written in the nondimensional form

Fo(p)y = [Myp* + (L}/VHK, — (pL2/2)Q0(p, M)In =0 (1)

where M, is the mass matrix, K is the stiffness matrix, Q,(p, M) is
the aerodynamic transfer matrix and 7 is the vector of modal co-
ordinates. All matrices are n,, by n,,, where n,, is the number of
modes used in the modal basis. Further, V is the airspeed, L is the
aerodynamic reference length, p is the air density and M is the Mach
number. The nondimensional Laplace variable is denoted p =
g + ik, where g is the damping and & is the reduced frequency.

The flutter Eq. (1) is a nonlinear eigenvalue problem that defines a
set of eigenvalues p and eigenvectors n. With the p—k or g-methods
[5,6], this eigenvalue problem is solved in an approximate fashion to
detect when an eigenvalue crosses the stability boundary g = 0. At
this flight condition there is a critical flutter eigenvalue p = ik
making F(ik) singular, where the corresponding value of & is the
reduced flutter frequency. Flutter analysis in the absence of model
uncertainty will be referred to as nominal flutter analysis in the
following.

LFT Formulation
The p—k method extends the standard formulation to take
deterministic model uncertainty into account. The flutter Eq. (1) is
modified to include uncertain parameters (or dynamics [7]) and
posed in the LFT form
F uN(p), Al =[Ny + Ny AL = Ny A)'Npplp =0 (2)
where the upper LFT F,(N, A) represents the uncertain transfer
matrix between the modal coordinates 7 and force & shown in Fig. 1a.
The transfer matrix N(p) depends on the flight condition and is
partitioned with respect to the input and output signals according to

Ny }
Ny

where N,,(p) is n,, by n,, and the sizes of the remaining partitions
depend on the uncertainty description. The uncertainty parameters

are isolated to the block-structured matrix A and are usually scaled
such that A belongs to a set S, defined as

Ny

N, 3

N(p)=[

Sa={A:Ae A and ao(A) =<1} “)

where the set A defines the block structure and (-) denotes the
maximum singular value. In cases where the uncertainty parameters
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Fig. 1 a) LFT between 7 and &, b) feedback loop, and ¢) LFT between &
and 7.

are defined such that A = 0 represents the nominal model, N»,(p) =
F(p) and the close connection between Eqs. (1) and (2) is apparent.

By considering the LFT in Fig. 1a with & = 0, itis clear that Eq. (2)
is a reduced form of the feedback equations

w = Az (5)
z =Njw+ Ny (6)
0 =Nyw+ Ny (7

If it is assumed that N,,(p) is nonsingular, these equations can also
be reduced to the feedback form

I-F(p)Alz=0 ®)
where the system matrix
F(p) =Ny — NNy Ny, )

is completely determined by the LFT transfer matrix N(p). Note that
Eq. (8) is the governing equation of the feedback system in Fig. 1b.
The problem of posing the uncertain flutter equation in the feedback
form Eq. (8), which is central to the ;t—k method, is now a matter of
finding a LFT representation F ,(N, A).

Example

Consider the case when the aeroelastic equations of motion
depend linearly on a set §; of uncertainty parameters and a fixed
(nominal) modal basis is used. Let the real-valued parameters
(typically representing perturbations to the mass and stiftness distri-
butions) be scaled such that §; € [-1,1] and the complex-valued
parameters (typically representing perturbations to the frequency-
domain aerodynamic forces) be scaled such that |§;| < 1. The
uncertain flutter equation can then be written in the form

[Fo(p) + Fr(p)AFg(p)ln =0 (10

where the uncertainty matrix A is diagonal with multiples of the
uncertainty parameters §; on the diagonal (defining the block-
diagonal structure) and satisfies the norm-bound 6(A) < 1. The
number of modes used in the modal basis bounds the size of each
block, such that each parameter is repeated up to n,, times [4]. Fy(p)
is commonly the nominal transfer matrix defined in Eq. (1), and
F, (p) and Fy(p) are scaling matrices that determine the magnitude
of the uncertainty and how the uncertainty parameters influence the
dynamics.
In this case, it is trivial to identify the LFT transfer matrix

N, N 0 F
N — 11 12 i| — |: R ] 11
) [NZ] No|TLF R a
by comparing Egs. (2) and (10). This gives the system matrix
F(p)=—FF;'F, (12)

that is well-defined except at the nominal eigenvalues where
Ny (p) = Fy(p) is singular. In a more difficult case, perhaps
involving higher-order parametric perturbations, it is possible to
define individual LFTs for the different terms in the flutter equation
and then use straightforward LFT operations [10] to assemble
F.(N,A). O

It is also useful to consider the inverse LFT from the input & to the
output 5 in Fig. 1c. By application of the LFT inverse theorem [10]
this LFT is F, (P, A), where

_ [Py Pun|_[Ny—NuNZNy, —NpNy
P(p)‘[Pz. Pzz] [

N3 Nay Ny
3)
This provides the alternative definition
F(p)="Py (14

of the system matrix (as given in [4]). However, the definition Eq. (9)
is more useful because finding a representation F, (N, A) is simply a
matter of reformulating the uncertain flutter equation. But Eq. (13) is
still an important result for model validation purposes, where
F.(P,A) can be used for prediction of input—output frequency
responses of the uncertain system [4,11,12].

Robust Flutter Analysis

The flutter Eq. (2) is an uncertain nonlinear eigenvalue problem
that for each A € S, defines a set of eigenvalues p and eigenvectors
7. Robust flutter analysis is about finding the flight conditions where
some A € S, enables a critical eigenvalue p = ik. With the u—k
method, this is accomplished by direct application of structured
singular value analysis to the feedback form Eq. (8) of the uncertain
flutter equation.

The structured singular value p of the system matrix F(ik) is
defined as the reciprocal of the minimum norm of any matrix A € A
making [I — F(ik) A] singular, giving

WIF (0] = 1/mint5(A): detll — F(A] =0} (15)

By definition, u[F(ik)]=0 if no A € A makes [I — F(ik)A]
singular. This means that no eigenvalue p = ik is possible for
A€ S, if

k) = plF(ik)] <1 (16)

holds for all frequencies k£ > 0. Then a nominally stable flight
condition is also robustly stable (stable in the presence of un-
certainty) and a nominally unstable flight condition is also robustly
unstable [7]. The robust flutter boundaries are thus defined by the
flight conditions where the peak value of (k) crosses the robust
stability boundary u = 1.

Example

In the subsequent F-16 case study, the aerodynamic uncertainty
descriptions leads to a flutter equation in the form Eq. (10). In the
most simple cases there is only one complex-valued uncertainty
parameter §, leading to an uncertainty matrix A = 61. The parameter
is bounded to the unit disc such that |§| < 1 and 6(A) < 1 hold. In
such a simple case, robust stability can be investigated by performing
a p—k flutter analysis for a discretized set of values of the uncertainty
parameter. Assuming that the most critical perturbation will satisfy
|8] = 1, itis sufficient to consider the values § = ¢ on the unit circle,
where ¢ € (0,27).

To illustrate the close relationship between p—k and u—k flutter
analysis, both analyses were performed for one of the investigated
uncertainty descriptions at Mach number M = 0.8. The particular
model and uncertainty description is not of importance here, only that
arelevant model is used and that the flutter equation depends on one
complex-valued uncertainty parameter. For completeness, however,
the particular uncertainty description will be referred to in the case
study.

Figure 2 shows a root-locus graph of the critical p—k eigenvalue
using the flight altitude % as continuation parameter. At altitude
hs = 5577 m, the nominal eigenvalue is stable. Computing the p—k
eigenvalues for a set of § values on the unit circle, it is found that the
perturbed eigenvalues are confined to an elliptic region in this case.
Further, the elliptic region is oriented such that the damping of the
flutter mode is more sensitive to the aerodynamic perturbation than
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Fig. 2 Root-locus graph.

the frequency. Because all perturbed eigenvalues are stable, this
flight condition is robustly stable.

Reducing the altitude to i, = 4907 m, the corresponding elliptic
region touches the imaginary axis in the root-locus graph. This
means that some parameter § in the unit disc (or some A € Sy)
enables a critical eigenvalue p = ik, and h, is the worst-case flutter
altitude. Below this altitude there is a potential risk for flutter.

The altitude /13 = 4237 m is the nominal flutter boundary at which
the nominal eigenvalue is located on the imaginary axis. At this
altitude the elliptic region crosses the imaginary axis, and the flight
condition is either stable or unstable. In this case, the uncertainty
enables a range of critical eigenvalues p = ik on the imaginary axis,
defining the possible flutter frequencies.

The best-case flutter altitude is /#, = 3288 m, below which all
perturbed eigenvalues are unstable (illustrated for /; = 2338 m).
The robust flutter analysis will thus divide the flight envelope into
regions that are either 1) robustly stable, 2) stable or unstable, or
3) robustly unstable.

Using the pu—k method, each flight condition is represented by a
1~k graph. When the nominal eigenvalue approaches the stability
boundary (from either side), the norm of the uncertainty required to
destabilize (or stabilize) the system tends to zero. In the pu—k graph
this will become visible as a distinct peak in the neighborhood of the
frequency of the eigenvalue. In the case of one complex-valued
uncertainty parameter §, the function w(k) = p[F(ik)], where
P[F (ik)] is the spectral radius of F(ik). This result is easily obtained
from the definition Eq. (15) with A = §1. Because the spectral radius
can be computed exactly, the peak of the ;—k graph should touch the
robust stability boundary p =1 at the altitudes %, and Ay, at the
frequencies where the corresponding elliptic regions in Fig. 2 touch
the imaginary axis.

The p—k graphs for the altitudes /,—hs are shown in Fig. 3. At
altitude hs, the graph satisfies (k) <1 and because this flight
condition is nominally stable it is also robustly stable. As predicted,
the peak of the ;u—k graph touches the robust flutter boundary p = 1
at the worst-case flutter altitude /4. At the nominal flutter altitude /5,
the u—k graph displays a singularity at the nominal flutter frequency
because no uncertainty is required to destabilize the system at this
flight condition. Further, in the pu—k analysis, the possible flutter
frequencies are defined by the frequency range where (k) > 1. At
the best-case flutter altitude /,, the peak crosses the robust stability
boundary again and at altitude #,, the flight condition is robustly
unstable (as predicted by the p—k analysis) because it is nominally
unstable and p(k) < 1. Note that the u—k graph in itself is not
sufficient to determine if the flight condition is robustly stable or
unstable (see, for example, the graphs for #, and /5 in Fig. 3), but that
nominal stability also has to be considered to decide on this.

While it becomes unrealistic to map the perturbed eigenvalues for
amore general uncertainty description (involving a larger number of
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Fig. 3 u—k graphs at altitudes /,—hs from the p—k analysis.

uncertainty parameters), the p—k method can still be applied. The
main difference, besides an increased computational cost, is that the
robust stability criterion Eq. (16) has to be evaluated using
computable upper bounds for p [13].

Algorithm

The nominal frequencies k;—k5 shown in Fig. 2 are the imaginary
parts of the p—k eigenvalues at the altitudes #,—hs. These frequencies
also have been indicated in Fig. 3. Clearly, the nominal frequency is a
quite good estimate of the location of the corresponding peak in
the u—k graph. The accuracy of this estimate is expected to increase
the closer the nominal eigenvalue is to the stability boundary because
the nominal and peak frequencies will coalesce at the nominal flutter
boundary (visible in Fig. 3). These observations suggest that the
following simple algorithm can be used for computation of the robust
flutter boundaries:

For each mode and Mach number of interest:

1) First the nominal eigenvalue is computed for a discrete set of
altitudes using the p—k or g-methods. From this data, the nominal
frequency k(%) as function of altitude can be obtained by
interpolation.

2) The corresponding peak value fi,e, () as function of altitude
can now be computed by solving a univariate maximization problem
using the frequency as variable and k., (%) as initial guess for the
peak frequency. In this study, golden-section search [14] was used
for this purpose.

3) The peak value fiye (/) is computed for a discrete set of
altitudes. By detecting when the peak value crosses i = 1, upper and
lower bounds on the robust flutter altitudes are obtained.

4) Finally, bisection [14] is used to compute the robust flutter
altitudes to within a given tolerance /.

Note that the nominal data only has to be computed once, even if
several uncertainty descriptions are to be investigated. Of course, this
data can also be used for computation of the nominal flutter
boundary.

The given p—k algorithm has about the same complexity as a basic
version of the p—k algorithm [5]. It is simple and robust, and no
derivatives of u are required. Another advantage is that the use of
nominal data makes it possible to track modes, making it very ef-
ficient compared to an implementation based on a direct computation
of high-resolution pu—k graphs. As long as the critical modes are
tracked, the possibility of flutter modes switching with the un-
certainty is still accounted for. The robust flutter speed is simply the
lowest worst-case flutter speed of the different modes. In this aspect,
there is no difference between p—k analysis and standard frequency-
domain flutter analysis. Basically, the u—k method just extends the
standard formulation to take model uncertainty into account.
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F-16 Sample Test Case

To illustrate the computation of robust flutter boundaries using the
n—k method, the results obtained on a test case using a prototype
algorithm will be presented. The test case is a reasonably accurate
representation of the F-16 Falcon with an external stores con-
figuration known as MA41. The external stores are two LAU-129
launchers, two MK-84 bombs, two 370 gal fuel tanks, one 300 gal
central fuselage tank, and wing tip Sidewinder missiles. This
configuration is known to experience aeroelastic instabilities for
Mach numbers in the range 0.6—1.0 as described in [15].

The model is available as a test case in the ZAERO applications
manual [16]. The structure is modeled in NASTRAN using a
combination of beam and shell elements, and the lowest 15
antisymmetric modes are used to define the modal basis. The modes
represent three rigid body modes and 12 elastic modes in the fre-
quency range 5.4-18.3 Hz. The aerodynamic model, shown in Fig. 4,
is fairly detailed in terms of modeling the wing and external stores but
with a more schematic representation of the fuselage. A total of
n, = 1016 aerodynamic boxes are used to model one half of the
aircraft as the geometry is assumed symmetrical.

In [15], it is concluded that the external stores aerodynamics has a
significant impact on the flutter speed, and that the flutter speed
appears to be sensitive to the aerodynamic modeling of the outboard
underwing and tip launchers. Because of the difficulties with
modeling external stores aerodynamics accurately, it is desirable to
take aerodynamic uncertainty into account in the flutter analysis. As
will be demonstrated in the following, this can be accomplished in a
straightforward fashion with the u—k method. Note that the objective
here is not to deliver results for comparison with flight test data, but
merely to demonstrate this capability for a realistic case with a
realistic (but not validated) uncertainty description. The type of
aerodynamic uncertainty description derived in [4] will be applied
for this purpose, which is described in the following.

Uncertainty description

To define the aerodynamic uncertainty model, it is necessary to
partition the aerodynamic matrix according to

0 ,(ik, M) = LR(ik, M) (17)

where the n;, by n,, matrix R(ik, M) defines the mapping from modal
coordinates to lifting surface-pressure coefficients, and the n,, by n,
matrix L defines the mapping from lifting surface-pressure
coefficients to generalized forces. Note that L is independent of the
reduced frequency and the Mach number because it is made up of
information from the spline interface between structural and
aerodynamic models and modal eigenvector information.

Fig. 4 ZAERO aerodynamic model of the F-16 MA41 configuration.

If the partitioned aerodynamic matrices are available, it is possible
to define aerodynamic uncertainty descriptions by selecting the
appropriate rows and columns of the partitioned matrices as de-
scribed in the following. Fortunately, ZAERO stores most analysis
information on a database file and tools for accessing information on
this database file are provided [9]. In the present study, the required
matrices and other information was extracted from the ZAERO
database file and stored on a file, which was then read by a small
MATLARB program that performed the actual robust flutter analysis.

As described in more detail in [4], the partitioned aerodynamic
matrices in Eq. (17) can be used for modeling of uncertainty in the
lifting surface-pressure coefficients of the nominal model. The boxes
in the aerodynamic model are divided into different patches with
associated multiplicative uncertainties. This leads to an uncertain
aerodynamic matrix that can be written in the form

Vl/, ﬂ/,

Q=00+ w0 =00+ 01;A0;0r =0
j=1 j=1

+ 01 Ap0k (18)

where n,, is the number of uncertain patches and the real weights
w; > 0 scales the aerodynamic perturbations such that the
complex uncertainty parameters §; belongs to the set |§;| < 1. The
perturbation matrices Q; = L;R;, where L is the matrix composed
of the rows of L corresponding to the boxes in patch j, and R; is the
matrix composed of the columns of R corresponding to the boxes in
patch j. Consequently, a weight w; =0.1 means that a 10%
uncertainty bound is assigned to the boxes in patch j, and that the
corresponding pressure coefficients are perturbed in a uniform
manner.

A minimum-size uncertainty matrix A, is obtained as follows. If
the number of boxes n; in patch j is smaller than the number of modes
n,, used in the modal basis, then

o Lj — Lj (19)
AQj = 8jl)z,-><n,» (20)
0 Rj = ijj 21
Otherwise,
o Lj = Q_/ (22)
Agj =8l 5, 23)
0 R = Wil vn, 24)

By this, the rank of the perturbation matrices Q; will bound the size
of each uncertainty block A ;. Finally, the total structure

0, = [QLI 0, - QLn,, ] (25)
Ay = diag(AQ|, Agos.., AQ,,p) (26)
0:=[2n O Or, |" 27)

of the aerodynamic uncertainty description is assembled.

If the aerodynamic matrix in the nominal flutter Eq. (1) is replaced
with the uncertain aerodynamic matrix in Eq. (18), an uncertain
flutter equation in the form Eq. (10) results, where

F,= —(PL2/2)QL (28)
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e) f)

Fig. 5 Illustration of aerodynamic uncertainty descriptions. Uncertain
patches are visualized as shaded sets of boxes.

A=A, 29)

Fr=0g (30)

From Eq. (12), this gives the frequency-domain system matrix
F (ik) = (pL?/2)QrF;' Q1 (€2))

in the case where only aerodynamic uncertainty is taken into account.

For the robust flutter analysis, the wing tip aerodynamic modeling
is assumed to be the critical area of interest. This is confirmed by
studying the flutter mode of the nominal flutter solution and also of
the complex geometry of the wing tip with Sidewinder missile
installed. Further, a simple modification such as removing the canard
fins on the wing tip missile has a significant effect on the flutter
altitude. The sensitivity of the flutter boundary will therefore be
investigated by computing robust flutter boundaries for the six
different uncertainty descriptions illustrated in Fig. 5. Only one patch
is used in case a (missile canard fins), case b (missile tail fins), and
case e (wing tip and stores), whereas several patches are used in
case ¢ (wing tip, four patches), case d (wing tip and stores, 10
patches), and case f (wing tip and stores, four patches). A 10%
uncertainty bound is used for all patches in all cases.

Robust Flutter Boundaries

First, a MATLAB implementation of the modified p—k solver in
[5] was used to compute the nominal flutter boundary in the altitude
range 0—12 km and Mach number range 0.6-0.95. The solver was
coupled with a model of the standard atmosphere to obtain match-
point flutter solutions. A Mach number resolution AM = 0.01 was
used and a tolerance i, = 10 m was required for the flutter altitude.
As shown in Fig. 6, the nominal ZAERO model predicts a flutter
Mach number between 0.7 and 0.95 for altitudes 0—10 km. Further,
the same flutter mode was predicted throughout the envelope, being
dominated by the first antisymmetric wing bending and torsion
structural modes.

As described in the preceding section, the pu—k algorithm was
implemented in MATLAB, and the p-toolbox [17] was used for the
 computations (using the default settings). Again, the solver was
coupled with a model of the standard atmosphere to obtain match-
point robust flutter solutions. The critical p—k eigenvalue was
computed fora Az = 0.5 km and AM = 0.01 grid of the envelope
and used for linear interpolation of the nominal frequency k., (%) at
the different Mach numbers. For each uncertainty description, the
peak value fi,(h) was then computed for a more sparse set of
altitudes. In this case, Ah = 4 km was used, but the nominal flutter
altitude was added to this data to ensure at least one point in between
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Fig. 6 Flutter boundaries for the different uncertainty descriptions.

the robust flutter altitudes. This step provided upper and lower
bounds for the robust flutter altitudes at each Mach number. Finally,
a Mach number sweep was performed, where bisection was used
to compute the robust flutter altitudes to within a tolerance of
h =10 m.

In this study, it was straightforward to solve the problems with the
described pu—k solver, and the different robust flutter boundaries are
shown in Fig. 6. In all cases, the flutter speed is the most sensitive to
the aerodynamic uncertainty at low altitude (or at high speed). In
case a (missile canard fins), the maximum perturbation of the flutter
speed is about —4%/ + 5% at zero altitude. This was also the case
that was used in the previous example illustrating the connection
between p—k and p—k analysis, and the altitudes &,—h5 are indicated
along with the corresponding Mach number M = 0.8. The nominal
and robust flutter altitudes are readily verified.

The flutter boundary is found to be less sensitive to uncertainty in
the missile tail fin aerodynamics (case b), showing a —2%/ + 2%
maximum perturbation of the flutter speed. Case ¢ (wing tip) is the
least sensitive with a —1%/ + 1% maximum perturbation, while
case d (wing tip and stores) is the most sensitive with a —10%/ +
20% maximum perturbation. The reason for the asymmetry of the
robust flutter boundaries is that the damping of the system is more
sensitive to the uncertainty at higher speeds (visible in Fig. 2).
According to the robust analysis, a 10% uncertainty in the wing tip
aerodynamic modeling can thus reduce the predicted flutter speed by
10% in the worst case.

As expected, case d (wing tip and stores) has the largest influence
on the flutter boundary. Case e is a simplified version of case d where
only one patch is used. Somewhat surprisingly, this perturbation has
about the same influence (—4%/+5%) as the canard fins only
(case a). This means that the distribution of the aerodynamic
perturbation has a significant influence in this case. This is because
the flutter speed is very sensitive to the wing tip twist moment, which
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Table 1 Properties of the uncertainty descriptions and results from
robust flutter analysis at M = (.85

Case Description n, Ao n, t., S
a missile canard fins 1 15x 15 100 5
b missile tail fins 1 15x 15 84 4
c wing tip 4 18 x 18 65 4
d wing tip and stores 10 108 x 108 134 232
e wing tip and stores 1 15x 15 121 6
f wing tip and stores 4 60 x 60 114 41

is confirmed by investigating case f. This case is limited to chordwise
perturbations only, but the influence on the flutter boundary is very
close to case d (—9%/ + 18%). If validated in flight testing, the
difference between cases d and f would most likely be negligible.
However, as will be shown in the next section, case f is preferable
from a computational point of view.

Computational Aspects

The computational effort using p-analysis depends strongly on the
structure and size of the uncertainty description [13]. In Table 1,
some results from robust flutter analysis at M = (.85 for the different
cases in Fig. 5 are presented, including the number of patches n,,, the
size of the uncertainty matrix A, the required number of 1 evalu-
ations n,,, and the computational time ¢, on an IBM T23 ThinkPad
laptop.

Forexample, case ain Fig. 5 is defined by one uncertain patch only
(n, = 1),including all canard fins of the missile. Because the number
of aerodynamic boxes in this patch (32) is greater than the number of
modes used in the analysis (15), the minimum size of A, is 15 x 15.
In this case, the number of p evaluations required to compute the
robust flutter altitudes was n,, = 100 and the computational time was
t. = 5 sec. A patch including fewer boxes than the number of modes
contributes a block to A, with a size less than 15 x 15. Case c, for
example, is defined by four chordwise patches along the wing tip, but
the total size of A, is only 18 x 18 (in this case limited by the total
number of boxes along the wing tip chord).

For the most simple uncertainty descriptions, the computational
time is comparable to a p—k analysis (in this case, the nominal flutter
altitude was computed in about 2 sec using the same altitude grid).
Although still modest, the computational time increases substantially
for case d (232 sec). However, the computational time for case f is
only about 20% of that for case d (41 sec). It is thus very desirable to
develop minimum-size uncertainty descriptions, and physical
insight can be very useful for this purpose. An important part of this is
to use a minimum (but still sufficient) number of normal modes in the
analysis.

For the cases considered here, it was sufficient to require a
tolerance k,,, = 10~* in the maximizing frequency (in the golden-
section search) to compute the robust flutter boundaries with a
tolerance h,,; = 10 m. In case ¢, a minimum number of y evaluations
was required because the nominal estimate of the peak frequency was
within this tolerance. This was not true for the other cases, but it was
found that if the approximation

/'Lpei\k (h) = /’L[knom (h)] (32)

was used in the algorithm, the difference in the flutter boundaries was
hardly visible in the graphs of Fig. 6. Although this cannot be
expected in general, it suggests that the simple approximation
Eq. (32) can be useful in preliminary runs. For example, cases d and f
required only 214 evaluations and took about 35 and 8 sec with this
approximation, respectively. Still, the same conclusion on their
similar influence on the flutter altitude could be drawn.

Conclusions

In this paper, a general LFT formulation of the ;—k method was
provided. The main advantage with this formulation is that simple
LFT matrix operations can be used to pose the flutter equation in a

form suitable for pt-analysis. It also conforms nicely with traditional
frequency-domain flutter analysis. While traditional flutter analysis
aims at finding the flight conditions where a critical eigenvalue
crosses the stability boundary, robust flutter analysis aims at finding
the flight conditions where some uncertainty of the system makes a
critical eigenvalue possible.

The close relationship between traditional and robust flutter
analysis was used to formulate a simple algorithm for computation of
robust flutter boundaries. The use of nominal data for estimating the
peak frequency makes the algorithm quite efficient in terms of the
required number of j evaluations. In turn, the computational cost for
evaluating p depends strongly on the structure and size of the
uncertainty description. This makes the development of minimum-
size uncertainty descriptions very important.

The algorithm was successfully applied to compute robust flutter
boundaries for an F-16 fighter. By investigating different aero-
dynamic uncertainty descriptions for the wing tip external stores, the
flutter boundary was found to be the most sensitive to perturbations
of the aerodynamic twist moment. This insight was used to derive a
simplified uncertainty description that decreased the computational
cost substantially without compromising the critical uncertainty
mechanism. The overall result was that a 10% uncertainty in the wing
tip aerodynamic modeling could reduce the predicted flutter speed by
10% in the worst case.

A significant benefit of the proposed procedure for performing
robust flutter analysis is that all standard tools for structural dynamics
and unsteady aerodynamics are still applicable. Only modest efforts
are required to extract the needed information from the analysis, and
the actual robust flutter analysis can then be implemented as a
separate tool. The necessary additional modeling is modest but there
is still significant work to be done to build experience on how to
model uncertainties and how to validate the uncertainty modeling
with flight testing and ground vibration tests.
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